Abstract. We show that if a Lie group acts properly on a co-oriented contact manifold preserving the contact structure then the contact quotient is topologically a stratified space (in the sense that a neighborhood of a point in the quotient is a product of a disk with a cone on a stratified space). As a corollary we obtain that symplectic quotients for proper Hamiltonian actions are topologically stratified spaces in this strong sense thereby extending and simplifying the results of [SL, BL].
Introduction
The notion of reduction of degrees of freedom in Hamiltonian mechanics has a long history. It was formalized in the early 1970s in the work of Marsden and Weinstein and, independently, Meyer. With the assumption of a freely acting symmetry group, they showed that the reduced system inherited a symplectic structure from the original system and that the reduced dynamics was intimately related to the original dynamics. A fair amount of effort by a number of people was spent during the 1980s on removing the assumption that the action is free. For example, it was proved by Arms, Marsden and Moncrief that the quotient of the zero level set of a moment map by the group action is a union of symplectic manifolds [AMM] . Arms, Cushman and Gotay showed that on a symplectic reduced space there is a natural Poisson algebra of functions [ACG] . In [SL, BL] it was proved that reduced spaces are stratified spaces in the sense that a neighborhood of a point is a product of a disk with a cone on a compact stratified space, that the strata are symplectic and that the symplectic structures on the strata are tightly related.
The earliest appearance of the notion of a contact quotient that we are aware of is in the work of Guillemin and Sternberg [GS] on homogeneous quantization, where it appeared in the guise of reduction of symplectic cones. Independently Albert [Al] and Geiges [Ge] each showed (under the assumption that the symmetry group acts freely on the zero level set of the contact moment map) that the quotient of the zero level set of the moment map by the group action, that is, the contact quotient, was naturally a contact manifold.
The first result of this paper removes the freeness assumption and shows that, in general, the contact quotients are naturally stratified spaces: Theorem 1. Let M be a manifold with a co-oriented contact structure ξ. Suppose a Lie group G acts properly on M preserving ξ. Choose a G-invariant contact form α with ker α = ξ and let Φ : M → g * be the corresponding moment map.
Then for every subgroup H of G, each connected component of the topological space It can be shown that the strata of a contact quotient are contact manifolds. This will be discussed elsewhere.
The second main result of the paper is a natural short proof that symplectic quotients are stratified spaces. The proof uses the fact that neighborhoods of singularities of symplectic quotients are products of a disk with a cone on a contact reduced space. The result extends and simplifies the results of [SL, BL] .
Theorem 2. Let (M, ω) be a symplectic manifold with a proper Hamiltonian action of a Lie group G and a corresponding equivariant moment map Φ : M → g * . Fix a point β ∈ g * ; denote its isotropy group under the coadjoint action by G β .
Then for every subgroup H of G β , each connected component of the topological space
is a manifold, and the partition of the symplectic quotient at β An outline of the contents of the paper is as follows: 1. Due to the multiple notions of stratification, we first make precise the meaning of the structure that we will place upon the contact and symplectic quotients. 2. A short review of the germane results of group actions on co-oriented contact manifolds is then pursued. We define moment maps, the contact quotient, and give a sketch of the result of [Ge] . 3. We then prove the two main theorems simultaneously. The central idea is that both contact and symplectic quotients are locally modeled by reductions of vector spaces by compact groups. 4. We finish the paper with a proof of a local normal form theorem for group actions on contact manifolds which is modeled on the local normal form theorem of Marle and of Guillemin and Sternberg for symplectic manifolds.
A note on notation. Throughout the paper the Lie algebra of a Lie group denoted by a capital Roman letter will be denoted by the same small letter in the fraktur font: thus g denotes the Lie algebra of a Lie group G etc. The identity element of a Lie group is denoted by 1. The natural pairing between g and g * will be denoted by ·, · . When a Lie group G acts on a manifold M we denote the action by an element g ∈ G on a point x ∈ G by g · x or occasionally by τ g (x); G · x denotes the G-orbit of x and so on. The vector field induced on M by an element X of the Lie algebra g of G is denoted by X M . The isotropy group of a point x ∈ M is denoted by G x ; the Lie algebra of G x is denoted by g x and is referred to as the isotropy Lie algebra of x. We recall that g x = {X ∈ g | X M (x) = 0}.
If P is a principal G-bundle then [p, m] denotes the point in the associated bundle P × G M = (P × M )/G which is the orbit of (p, m) ∈ P × M .
If ω is a differential form on a manifold M and Y is a vector field on M , the contraction of ω by Y is denoted by ι(Y )ω.
Preliminaries
2.1. Partitions and stratifications. Since the word "stratification" is used to describe many different types of partitions of topological spaces into manifolds, we start by describing precisely the meaning that we attach to the term. This is a quick review. Definition 2.1. A partition of a Hausdorff topological space X is a collection of connected subsets {S i } of X such that, set-theoretically, X is the disjoint union of S i 's. We refer to the pair (X, {S i }) as a partitioned space and to the subsets S i as pieces.
Remark 2.2. The connectedness of the pieces in the definition of a partitioned space is slightly superfluous as we could simply refine a partition by non-connected pieces into one by connected pieces.
Remark 2.3. The product of two partitioned spaces (X, {S i }) and (Y, {P i }) is the partitioned space (X × Y, {S i × P j }).
Remark 2.
4. An open subset U of a partitioned space (X, {S i }) is naturally a partitioned space: the sets U ∩ S i form a partition of U .
Definition 2.5. Two partitioned spaces are isomorphic if they are homeomorphic and the homeomorphism takes pieces to pieces.
Recall that a cone on a topological space X, denoted byc(X), is the quotient of the product X × [0, 1) by the relation (x, 0) ∼ (x ′ , 0) for all x, x ′ ∈ X. That is,c(X) is X × [0, 1) with the "boundary" X × {0} collapsed to a point, the vertex * of the cone.
Remark 2.6. The cone on a partitioned space (X, {S i }) is the partitioned space
Definition 2.7. If the pieces of a partitioned space (X, {S i }) are manifolds then we can define the dimension of X to be dim X = sup
Remark 2.8. Note that the dimension of a partitioned space depends upon the choice of the partition. For example, every manifold admits a partition into points. For such a partition the dimension of the manifold as partitioned space is zero. However, the manifold dimension is always an upper bound for the partitioned space dimension.
We will only consider finite dimensional spaces. Unless otherwise mentioned we will partition connected manifolds into one piece only. Note that if a space X is partitioned into manifolds, then so is the cone on X and dimc(X) = dim X + 1. A stratification is a particularly nice type of a partition into manifolds. The definition is recursive on the dimension of partitioned space.
Definition 2.9. (cf. [GM] ) A partitioned space (X, {S i }) is a stratified space if each piece S i is a manifold and if for every piece S and for every point x ∈ S there exist
1. an open neighborhood U about x, 2. an open ball B in S about x, 3. a compact stratified space L, called the link of the stratification of X at x (L may be empty) and 4. an isomorphism ϕ : B ×c(L) → U of partitioned spaces (If L = ∅ we require that U is homeomorphic to the ball B.) The pieces of a stratified space are called strata; the collection of strata is called a stratification.
Remark 2.10.
1. A zero dimensional stratified space is a discrete set of points. 2. A connected manifold is a stratified space with exactly one stratum.
3. A cone on a compact manifold is a stratified space.
An example of a stratification is furnished by the orbit type partition of an orbit space for a proper action of a Lie group on a manifold. Let us briefly review the relevant ideas (see the introduction for the notational conventions).
An action of a Lie group G on a manifold M is proper if the map G× M → M × M given by (g, m) → (g · m, m) is proper, i.e., the preimages of compact sets under this map are compact. Note that for proper actions all isotropy groups are compact.
A slice for an action of a Lie group G on a manifold M at a point x is a G x invariant submanifold Σ such that G · Σ is an open subset of M and such that the map
Thus for any point y ∈ G · Σ, the orbit G · y intersects the slice Σ in a single G x -orbit. Also, for any y ∈ Σ, G y ⊂ G x . A theorem of Palais [P] asserts that for smooth proper actions slices exist at every point.
Let M be a manifold with a proper action of a Lie group G. For a subgroup H of G denote by M (H) the set of points in M whose stabilizer is conjugate to H; i.e,
where G x denotes the stabilizer of x. The set M (H) is often referred to as the set of points of orbit type H.
It is an easy consequence of the existence of slices that the connected components of the sets M (H) are manifolds and that the components of the quotient M (H) /G are manifolds as well. Moreover, using induction on the dimension of M/G one can show that the partition of M/G into the connected components of the sets of the form M (H) /G is a stratification. The point of this paper is to adapt the argument for contact and symplectic quotients.
Note that in the paper we refer to both partitions
as stratifications by orbit type.
Remark 2.11. If H and K are conjugate subgroups of G, then M (H) = M (K) . Thus, the indexing set for the stratification by orbit type is the set of conjugacy class of G.
We will extensively use the following easy fact.
Lemma 2.12. Suppose a Lie group G acts properly on a manifold M . Let x ∈ M be a point and let Σ ∋ x be a slice through x for the action of G. Denote the isotropy group of x by H.
where the left hand side is partitioned by G-orbit types and the right hand by H-orbit types.
Proof. Since Σ is a slice, for any m ∈ Z ⊂ Σ, G · m ∩ Z is a single H-orbit.
Group actions on contact manifolds.
Recall that a (co-oriented) contact structure on a manifold M of dimension 2n + 1 is a distribution ξ on M given globally as the kernel of a 1-form α such that α ∧ (dα) n = 0. The form α is called a contact form. Whenever convenient we will refer to a pair (M, α) or to a pair (M, ξ) as a contact manifold. An action of a Lie group G on a manifold preserving a contact structure ξ is called a contact action.
Remark 2.13. If a Lie group G acts properly on a manifold and preserves a co-oriented contact structure ξ, then there exists a G-invariant 1-form α with ker α = ξ. If G is compact, the proof of this assertion is easy: since ξ is co-oriented, there exists by definition a 1-form α 0 with ker α 0 = ξ. If α 0 is not G-invariant, average it over G. If G is not compact, the argument is only slightly more complicated. One adopts Palais's proof of the existence of invariant Riemannian metrics on manifolds with proper group actions [P] to "average" α 0 . See, for example, [L] for details.
Definition 2.14. Suppose a Lie group G acts on a manifold M preserving a contact form α. We define the contact moment map Φ :
for all X in the Lie algebra g of G and all x ∈ M . The contact moment map is G−equivariant, where as usual G acts on g * by the coadjoint action (see [Ge] ). Hence, the G action descends to an action on the zero level set and we define the contact quotient (or contact reduction) of M by G to be the topological space
We will use the symbols M//G and M 0 interchangeably. We define the canonical partition of the quotient M//G to be the the connected components of the sets of the form
Similarly symplectic quotients also have a canonical partition.
Definition 2.15. Let (M, ω) be a symplectic manifold with a proper Hamiltonian action of a Lie group G and a corresponding equivariant moment map Φ : M → g * . We define the symplectic quotient of M at a point β ∈ g * to be the topological space
where G β denotes the isotropy group of β under the coadjoint action. Next we define the canonical partition of the quotient M β to be the connected components of the sets of the form
Remark 2.16. Suppose a Lie group G acts properly on a manifold M preserving a contact form α. Albert and, independently, Geiges showed that if G acts freely on Φ −1 (0), then 0 is a regular value of the corresponding moment map Φ, the contact quotient M 0 is a manifold and α| Φ −1 (0) descends to a contact form α 0 on M [Al, Ge] . See also [GS] where the result was obtained earlier in a different form (cf. the introduction).
Remark 2.17. Recall that the symplectization of a contact manifold (M, α) is the symplectic manifold (M ×R, d(e t α)). If a Lie group G acts on M and preserves α then the trivial extension of the action of G to M × R is Hamiltonian and a corresponding moment map Ψ : M × R → g * is related to the contact moment map Φ : M → g * by the formula
In particular, Ψ −1 (0) = Φ −1 (0) × R. One can use this to give an alternative proof that, in the case of free proper actions, contact quotients are contact manifolds.
Remark 2.18. Recall that the contactization of an exact symplectic manifold (M, dλ) is the contact manifold (M × R, λ + dt). If a Lie group G acts on M preserving the 1-form λ then the action is Hamiltonian with moment map Φ :
The trivial extension of the action of G to M × R preserves the contact form. By definition the contact moment map Ψ : M × R → g * is given by Ψ(m, t), X = −λ m (X M (m)). Thus Ψ factors as Ψ = Φ • pr, where pr : M × R → M is the projection. It follows that, as spaces,
If G acts freely on Φ −1 (0), it is not hard to show that the symplectic quotient at zero M//G(0) is an exact symplectic manifold and that the two sides are the same as contact manifolds.
It will be particularly useful for us to consider the contactization of symplectic vector spaces. Suppose (V, ω V ) is a symplectic vector space. The Lie derivative of ω V with respect to the radial vector field
is a symplectic representation of a Lie group H then, since the action of H preserves the radial vector field R, the 1-form
Hence if we trivially extended the action of H to the contactization V × R, the contact form 1 2 ι(R)ω V + dt is H invariant as well. We will refer to the contact manifold (V × R, 1 2 ι(R)ω V + dt) as a contact vector space and as the contactization of (V, ω V ).
Proof of the main result
Our proof of the main result -Theorems 1 and 2 -has two ingredients. The first one is an observation that arbitrary contact quotients are modeled on the contact quotients of contact vector spaces and that arbitrary symplectic quotients are modeled on the symplectic quotients of symplectic vector spaces. The second one is Lemma 3.3, below, which describes the structure of contact and symplectic quotients of vector spaces.
The idea that a symplectic quotient for a reasonable group action can be modeled on a symplectic quotient of a vector space is due to R. Sjamaar. The idea was implemented for reduction at zero by an action of a compact Lie group in [SL] and for reduction at a locally closed coadjoint orbit by a proper action of an arbitrary Lie group in [BL] .
It was pointed out by Ortega and Ratiu that the technical assumption on the coadjoint orbit in [BL] is unnecessary if one defines symplectic quotients as in Definition 2.15. It was shown in [BL] that if the coadjoint orbit G · β is locally closed then the sets (M (H) ∩ Φ −1 (G · β))/G ≃ (M (H) ∩Φ −1 (β))/G β are symplectic manifolds and that the partition of M G·β := Φ −1 (G·β)/G ≃ M β by these manifolds is a stratification. Ortega proved that one can drop the assumption on the coadjoint orbit and still show that these sets are symplectic manifolds, that they are locally closed in the symplectic quotient and that the canonical partition is locally finite [O] (see also [OR] ). Theorem 1 asserts that the canonical partition is in fact a stratification. Our proof of it does not directly use Ortega's result. Rather, it uses the following two propositions, which are variations on an argument in [SL] . We postpone the proof of these two results for a later section and proceed with the study of the quotients of vector spaces: 
Proof. Let U be the vector subspace of H-fixed vectors in V ; it is a symplectic subspace of V . Let W denote the symplectic perpendicular to U . It is a symplectic H-invariant subspace as well. Let R as before denote the radial vector field on V . Since d( 1 2 ι(R)ω) = ω, the moment map Φ V for the action of H on V is given by the formula
for all v ∈ V and all X in the Lie algebra h of H, where X V denotes the linear vector field induced by X on V . Hence Φ −1 (0) = U × Φ −1 W (0) where Φ W is the restriction of Φ to W . Note that Φ W is also a moment map for the action of H on W .
Since H is compact there exists an H invariant complex structure J on W compatible with ω W := ω| W . Let S denote the unit sphere with respect to the inner product ω W (·, J·). Since Φ W is homogeneous, Φ −1
Note that the restriction of 1 2 ι(R)ω W to S is a contact form and that the restriction of Φ W to S is the corresponding contact moment map. Therefore the space (S ∩ Φ −1 W (0))/H) is the contact quotient S//H and the first part of the lemma follows. The second part of the lemma follows as well since the contact moment map Ψ on the contactization V × R is related to the symplectic moment map Φ on V by Ψ(v, t) = Φ(v) for all (v, t) ∈ V × R (see Remark 2.17).
Remark 3.4. If in the Lemma above the representation ρ is trivial, then V //H(0) = V and
Proof of Theorems 1 and 2. Lemma 3.3 together with Proposition 3.2 imply that a contact quotient is locally isomorphic as a partitioned space to a product of an odd-dimensional disk and a cone on the contact quotient of a standard contact sphere. It follows that the pieces of the canonical decomposition of a contact quotient are odd dimensional manifolds and that they are locally closed.
Similarly Lemma 3.3 together with Proposition 3.1 imply that a symplectic quotient is locally isomorphic as a partitioned space to a product of an even dimensional disk and a cone on the contact quotient of a standard contact sphere. It follows that the pieces of the canonical decomposition of a symplectic quotient are even dimensional manifolds.
We next argue by induction on the dimension of contact quotients that contact quotients are stratified spaces. The smallest dimension that a contact quotient can have is one. If it is one dimensional then it is a one dimensional manifold (which need not be connected).
Assume now that the dimension of our contact quotient X is bigger than one and that any contact quotient Z with dim Z < dim X is a stratified space. By Proposition 3.2 a neighborhood of a point in X is isomorphic, as a partitioned space, to a neighborhood of a point in the contact quotient of a contact vector space. By Lemma 3.3, the contact quotient of a contact vector space is isomorphic to the product of a contact vector space and a cone on the contact quotient of a sphere. By induction, the contact quotient of the sphere is a stratified space. Therefore X is a stratified space by definition.
Finally, by Proposition 3.1 and Lemma 3.3 a symplectic quotient is isomorphic to a product of a disk and a cone on the contact quotient of a contact sphere. By the previous paragraph, the contact quotient of the sphere is a stratified space. Therefore a symplectic quotient is also a stratified space.
Observe that we have, in fact, proved the following.
Theorem 3.5. Let (X, {S α }) be a partitioned space with the property that a neighborhood of every point is isomorphic (as partitioned spaces) to a product of a disk with the cone on the contact quotient of a standard contact sphere. Then the partition {S α } is a stratification.
We finish the section with a short proof that connected contact and symplectic quotients have unique connected open dense strata. In particular we recover Theorem 5.9 of [SL] . The proof has two parts. We first remark that the contact quotient of a standard contact sphere by a linear action of a compact Lie group is connected. Lemma 3.6. Let S 2n−1 ⊂ C n be the standard contact sphere and let K be a closed subgroup of the unitary group U (n). Then the contact quotient S 2n−1 //K is connected.
Proof. The map f : S 2n−1 → R, f (z) = 1 2 ||z|| 2 is a moment map for the action (λ, z) → λz of the circle S 1 = U (1) on C n , and the sphere S 2n−1 is a level set of f . Since the action of S 1 commutes with the action of K, the restriction of the K-moment map Φ : C n → k * to S 2n−1 descends to a moment mapΦ for the action of K on the symplectic quotient f −1 (2)/S 1 = S 2n−1 /S 1 = CP n−1 . Since the projective space CP n−1 is compact and connected, the fibers of the moment mapΦ : CP n−1 → k * are connected by a theorem of Kirwan (see [K2, Remark 2.1] and [K1, Remark 9 .1]).
On the other hand, the restriction Φ| S 2n−1 is the contact moment map for the action of K on the sphere S 2n−1 . Since the fibers ofΦ are S 1 quotients of the fibers of Φ| S 2n−1 , the connectedness of the fibers ofΦ implies that the fibers ofΦ| S 2n−1 are connected as well. Therefore
The second part of the proof is:
Proposition 3.7. Let (X, {S i }) be a connected stratified space. Assume, recursively, 
that all links are connected. That is, the link of every point is connected, the link of every point in the link is connected and so on. Then there is a unique open dense stratum X r in X.
Proof. The proof is an induction on the dimension of X. Let X r be the union of all the open strata in X. We show first that X r is dense. Using density, we then show that X r is connected and hence consists of a single stratum. Note that a point in a stratified space has an empty link if and only if it lies in an open stratum. This implies that if a stratum contains a set which is open in X then the whole stratum is open as well.
Let x be a point in X and S be the stratum containing x. By definition there an open neighborhood U of x in X, an open ball B in S, and a isomorphism ρ :c(L) × B → U of partitioned spaces, where L is the link of x. If the link is empty, then x ∈ X r . Otherwise, by induction
Therefore S ′ is open in X, hence S ′ ⊂ X r . Clearly x lies in the closure of S ′ . Therefore x is in the closure of X r . This proves that X r is dense.
We now prove that X r is connected. Suppose not. Choose disjoint open sets U 1 and U 2 in X with U 1 ∪ U 2 = X r . By density, X =Ū 1 ∪Ū 2 . Because X is connected, however, U 1 ∩Ū 2 = ∅. Choose y ∈Ū 1 ∩Ū 2 . Then y ∈ X r and so the link L y of y is non-empty. Hence, by induction, there is a unique open stratum L y r in L y . Choose a neighborhood, U of y of the form U =c(L y ) × B, where B is a ball. On the one hand,
Remark 3.8. We can remove the hypothesis that the space X is connected. In this case, we work component by component to conclude that each connected component of X has a unique connected open dense stratum.
Putting Lemma 3.6 and Proposition 3.7 together and using the proof of Theorems 1 and 2, we obtain: 
Local models of symplectic and contact quotients
The main tool for proving Proposition 3.2 is Theorem 4.1. Suppose a Lie group G acts properly on a manifold M preserving a contact form α and let Φ : M → g * be the corresponding moment map. Let x ∈ Φ −1 (0) be a point, let H be its isotropy group. Denote the Lie algebra of H by h and the annihilator of h in g * by h • . Choose an H-equivariant splitting g * = h • ⊕ h * ; let i : h * → g * be the corresponding injection.
There
W is the contactization of the maximal symplectic subspace V of the symplectic vector space (ker α x , dα x ) complementary to the tangent space T x (G · x); V can be and is chosen to be H-invariant; 3. Φ W : W → h * is the moment map for the linear action of H on the contact vector space W ; 4. f is a nowhere vanishing function;
We postpone the proof of this Theorem till the last section of the paper and proceed with the proof of Proposition 3.2.
Proof of Proposition 3.2. Define
Since the function f is nonvanishing the map φ −1 sends Φ −1 (0)∩U equivariantly and homeomorphicly onto the set F −1 (0) ∩ U 0 . Hence (Φ −1 (0) ∩ U )/G = (F −1 (0) ∩ U 0 )/G as partitioned spaces (the partitioning is by G-orbit type). Therefore it is enough to show that Because h • ⊕ i(h * ) = g * and i : h * → g * is injective, η + i(Φ W (w)) = 0 if and only if η = 0 and Φ W (w) = 0. Therefore
. Therefore by Lemma 2.12 equation (4.1) holds.
Proof of Proposition 3.1. The proof is essentially the same as that of Proposition 3.2 above. Since we are not reducing as zero, it is a little more delicate. We use a version of the local normal form theorem due to Marle and to Guillemin and Sternberg which is proved on pp. 212 -215 of [BL] :
Theorem 4.2. Let (M, ω) be a symplectic manifold with a proper Hamiltonian action of a Lie group G and a corresponding equivariant moment map Φ : M → g * . Let x ∈ M be a point. Let H denote its isotropy group. Let β = Φ(x) and let G β denote the isotropy group of β. Define
where T x (G · x) ω denotes the symplectic perpendicular to the tangent space to the orbit 
is the coadjoint representation and 2. Φ V : V → h * is the moment map for the action of H on V .
as spaces partitioned by G-orbit types. Therefore it is enough to prove that for some sufficiently small G β -invariant neighborhood O of [1, 0, 0] 
as partitioned spaces for some H-invariant neighborhoodÕ of 0 in V , where the left hand side is partitioned by G-orbit types and the right hand side is partitioned by H-orbit types.
Note that the canonical embedding of the vector space
holds. Therefore the partition of the left hand side of (4.2) by G-orbit types is the same as its partition by G β -orbit types.
Recall that the tangent space to the coadjoint orbit through β is canonically isomorphic to the annihilator of g β in g * :
β is the normal bundle of the orbit Ad † (G)β in g * . Consider the map E :
. It is the exponential map for a flat H-invariant metric on g * . The differential dE is an isomorphism at the point [1, 0] . Therefore E is an open embedding on a sufficiently small neighborhood O ′ of [1, 0] . In particular O ′ ∩ E −1 (β) = {[1, 0]}. We now factor F as follows: let
V (0) ∩Õ)/H as partitioned spaces, where the left hand side is partitioned by G β -orbit types, the right hand side is partitioned by H-orbit types and whereÕ = V ∩ O. But we have seen that the partition of G β × H (h • × V ) by G-orbit types and by G β orbit types is the same partition. The Proposition now follows.
Contact local normal form
In this section we provide a proof of the local normal form theorem (Theorem 4.1) that allowed us to establish our main results (Theorems 1 and 2). Not surprising, this requires an equivariant Darboux theorem for contact manifolds, the proof of which is the standard deformation argument of Moser. We then review the contact analogues of isotropic submanifolds and symplectic normal bundles, introduced by Weinstein in [We] . We finish with the proof of the local normal form theorem.
Recall that the Reeb vector field Y on a contact manifold (M, α) is the unique vector field satisfying ι(Y )α = 1 and ι(Y )dα = 0. If a Lie group acts on M preserving α then by uniqueness the Reeb vector field is invariant.
Observe that an equivariant version of Gray's stability theorem holds. 
for all x ∈ N . Then there is a family of equivariant diffeomorphisms {ψ t } of M with ψ t|N = Id and ψ * t (α t ) = f t α 0 for all t and for some family of positive functions {f t }. As a consequence of Gray's stability theorem we get: Proof. For t ∈ [0, 1], define γ t = (1 − t)α + tβ. For all x ∈ N and all t, we have γ t (x) = α(x) = β(x) and dγ t (x) = dα(x) = dβ(x). Hence, γ t is contact in an open neighborhood of N . Since γ t is invariant, Gray's theorem applies. The time 1 map of the isotopy ψ t exists on some open set O of N since it exists on a neighborhood of each point of N in M . Set U 0 = G · O and
Example 5.4. Suppose a Lie group G acts properly on a manifold M preserving a contact form α. Then orbits G · x which lie in the zero level set of the contact moment Φ are isotropic submanifolds by definition of the moment map.
Remark 5.5. If L is an isotropic submanifold of a contact manifold (M, α) then for every point x ∈ L the tangent space T x L is an isotropic subspace of the symplectic vector space (ker α x , dα x ), hence the terminology.
Definition 5.6. Let L be an isotropic submanifold of a contact manifold (M, α). Then for every point x ∈ L the quotient (T x L) dα /T x L is a symplectic vector space, where (T x L) dα denotes the symplectic perpendicular to T x L in ker α x with respect to dα ( T x L ⊂ (T x L) dα by Remark 5.5). The symplectic normal bundle of L in (M, α) is the vector bundle
It is naturally a symplectic vector bundle.
Remark 5.7. If a group G acts on a manifold M preserving a contact form α and L is an invariant, isotropic submanifold, then the symplectic normal bundle ν(L) has a natural G action which preserves the symplectic structure on ν(L).
In [We] Weinstein proved that the symplectic normal bundle completely determines the contact germ of the corresponding isotropic embedding. Theorem 4.1 is an equivariant version of Weinstein's result in the special case where the isotropic submanifold is a group orbit. We now proceed with the details of the proof of Theorem 4.1.
The proof is a slight modification of the standard argument in the symplectic case. We use the notation in the statement of the theorem. Let Y denote the Reeb vector field. Choose a G-invariant complex structure J on the symplectic vector bundle ker α → M compatible with the symplectic structure, that is, choose it so that dα(·, J·)| ker α is a positive definite inner product. The inner product is G-invariant by construction. By declaring Y to be a unit vector field orthogonal to ker α we can extend the inner product on ker α to a G-invariant metric g on M .
Because the point x lies in the zero level set of the moment map, the orbit G·x is an isotropic submanifold of (M, α). Since T x (G·x) is isotropic in (ker α x , dα x ), T x (G·x) and J(T x (G·x)) are g-orthogonal by construction of g. Moreover T x (G · x) ⊕ J(T x (G · x)) is a symplectic subspace of (ker α x , dα x ), and the g-orthogonal complement V to T x (G · x) ⊕ J(T x (G · x)) is also a symplectic subspace. The isotropy group H of x acts on ker α x preserving the decomposition ker α x = T x (G · x) ⊕ J(T x (G · x)) ⊕ V and the symplectic form dα x | ker αx . Note that V is isomorphic to (T x (G · x)) dα /T x (G · x). Consequently G × H V → G · x = G/H is the symplectic normal bundle of the embedding G · x ֒→ (M, α) while G × H (J(T x (G · x) × V × RY x ) is the topological normal bundle of the embedding G · x ֒→ M . The map v → dα x (v, ·)| Tx(G·x) identifies J(T x (G · x)) with T * x (G · x) ≃ (g/h) * ≃ h • , where as before h • denotes the annihilator of h in g * . Therefore the topological normal bundle of the embedding of the orbit
Denote the restriction of dα x to V by ω V . Let (W, β) denote the contactization of (V, ω V ): W = V × R and β = 1 2 ι(R)ω V + dt where R is the radial vector field on V and t is the variable along R. Thus the normal bundle of the embedding G·x ֒→ M can be written as G× H (h • ×W ).
Remark that our various identifications are chosen in such a way that
and dα x | ker αx = ω + ω V , where ω is the standard symplectic form on T x (G · x) ⊕ h • = (g/h) × (g/h) * .
